By applying the recurrence approach and coupling constant metamorphosis, we construct higher order integrals of motion for the Stackel equivalents of the N -dimensional superintegrable Kepler-Coulomb model with non-central terms and the double singular oscillators of type (n, N − n). We show how the integrals of motion generate higher rank cubic algebra C(3)⊕L 1 ⊕L 2 with structure constants involving Casimir operators of the Lie algebras L 1 and L 2 . The realizations of the cubic algebras in terms of deformed oscillators enable us to construct finite dimensional unitary representations and derive the degenerate energy spectra of the corresponding superintegrable systems.
Introduction
A systematic approach for obtaining algebraic derivations of spectra of two dimensional superintegrable systems with quadratic and cubic algebras involving three generators was introduced in [1, 2, 3] . This algebraic method is based on Casimir operators and realizations in terms of deformed oscillator algebras [4] for determining finite dimensional unitary representations (unirreps) [2, 5] . This approach was extended to classes of higher order polynomial algebras with three generators [6] . However, superintegrable systems in higher dimensional spaces are usually associated with symmetry algebras taking the form of higher rank polynomial algebras which have typically a quite complicated embedded structure. It was discovered recently that there are systems which are related to classes of quadratic algebras that display a decomposition as direct sums of Lie algebras and polynomial algebras of three generators only [7, 8] . The structure constants contain Casimir operators of certain Lie algebras [7, 8] . This specific structure was exploited to obtain algebraic derivations of the spectra. However, in general it is quite complicated to apply this direct approach to obtain the corresponding polynomial algebras, the Casimir operators and their realizations in terms of deformed oscillators. In fact, it is not even guaranteed that the integrals close to certain polynomial algebra.
The difficulties of this direct approach can be overcome using a constructive approach and in particular using ladder operators in order to build integrals of motion for models allowing separation of variables in Cartesian coordinates. Such ideas have been used by several authors in the case of first or second order ladder operators [9, 10, 11, 12, 13, 14] . It facilitates the construction of the corresponding polynomial algebras. One has to distinguish the case of constructing integrals using higher order (i.e. greater than 2) ladder operators as such operators themselves need to be generated using various methods. One of them consists in exploiting supersymmetric quantum mechanics (SUSYQM) [15] and using combinations of ladders and supercharges [16, 17, 18, 19] or combining only supercharges [14, 20, 21, 22, 23] .
In recent years, Kalnins, Kress and Miller [24] introduced a recurrence relation approach and applied it to models separable in polar coordinates. They also pointed out the close relation between such approach and the study of special functions and orthogonal polynomials. Calzada, Kuru and Negro [25, 26] introduced an operator version of the recurrence relations. In this scheme an intermediate set of non-polynomial integrals of motion was obtained. From these formal algebraic relations, and by decomposing these integrals into polynomial and non-polynomial parts, a final well-defined set of integrals and the corresponding polynomial algebra can be obtained. It has also been demonstrated how SUSYQM can be combined with these ideas to generate extended Lissajous models related to Jacobi exceptional orthogonal polynomials [27] .
All these new approaches have previously been restricted mainly to two and three dimensional superintegrable systems. The purpose of this paper is to extend the recurrence approach for a class of higher-dimensional systems and construct higher rank polynomial algebras. We consider the following two models [7, 8] Model 1 :
where r = ( is N-dimensional superintegrable Kepler-Coulomb system with non-central terms in N-dimensional Euclidean space. In two recent papers, using a direct approach and ansatz to construct the integrals and the quadratic algebra, an algebraic derivation of the energy spectra have been presented [7, 8] . In this paper, we will show using coupling constant metamorphosis [29] that a constructive approach can be developed for these N-dimensional models and be used to simplify the calculation and analysis.
The plan of the paper is as follows. In section 2, higher order integrals are constructed from ladder operators using separated eigenfunctions of the system (1.1) and the corresponding higher rank cubic algebra is presented. In section 3, higher order integrals and the higher rank cubic algebras are constructed for the Stackel equivalent system of (1.2) from coupling constant metamorphosis and ladder operators. The realizations in terms of deformed oscillators are obtained and applied to compute energy spectra of the two systems algebraically. Finally, in section 4, we provide some discussions on the results of this paper and some open problems.
Recurrence approach to H dso
In this section, we develop for the model (1.1) the recurrence relations in order to generate higher order integrals of motion and the corresponding higher rank polynomial algebra. We show how in fact the integrals close into a cubic algebra with structure constants involving Casimir operators of certain Lie algebras and derive the energy spectrum of the system algebraically. This provides also a proof for the superintegrability of this N-dimensional system.
Separation of variables
We recall [8] in this subsection the separable solutions of (1.1) in double hyperspherical coordinates using the sum of two singular oscillators H dso = H 1 + H 2 of dimensions n and N − n respectively, where
, (2.1)
The Schrodinger equation of H 1 in n-dimensional hyperspherical coordinates is
where c
where L α n (x) is the n-th order Laguerre polynomial [30] ,
. The wave function for H 2 has similar form. The energy spectrum of Hamiltonian (1.1) is
where the parameters
Recurrence formulas and algebra structure
Consider the gauge transformations to H ĩ
with
. We obtain the following gauge equivalent operators that possesses the same eigenvalues
Here
J (2) and K (2) are related to Λ 2 (n) and Λ 2 (N − n) respectively.
Then the wave functions of the gauge transformedH i are given simply by
Alternatively, we can gauge transformH i back to get the initial Hamiltonian
Thus we have the eigenvalue equationsH
Hence the energy eigenvalues ofHZ =Ẽ ′ Z are giveñ
Now we define the ladder operators
14)
The action of the symmetry operators on the wave functions Z i = X n i y i , i = 1, 2 provides the following recurrence formulas
The following diagram indicates howD ± i change the quantum numbers of the wave functions.
Let us consider the following suitable combinations of the operatorsL 1 
The action of the operators on the wave functions are given bỹ
It follows that in operator they form the cubic algebra C(3),
The first order integrals of motion J ij and K ij generate algebras isomorphic to the so(n) and so(N − n) Lie algebras respectively. Namely, 25) where i, j, k, l = 1, ..., n and
So the full symmetry algebra is a direct sum of the cubic algebra C(3), so(n) and so(N − n) Lie algebras. Thus the su(N) Lie algebra generated by the integrals of the N-dimensional isotropic harmonic oscillators is deformed into the higher rank cubic algebra C(3)⊕so(n)⊕so(N −n) for Hamiltonian (1.1).
The recurrence method gives rise to higher order integrals and higher rank polynomial algebra, more specifically 4th-order integrals and a cubic algebra C(3) ⊕ so(n) ⊕ so(N − n) involving Casimir operators of so(n) and so(N − n) Lie algebras. In our recent work [8] we showed that the second order integrals A and B generate the quadratic algebra (2) , K (2) ), where f 1 and f 2 are quadratic polynomials in the generators A and B and the central elements H, J (2) and K (2) . In order to derive the spectrum using the quadratic algebra Q(3), realizations of Q(3) in terms of deformed oscillator algebras [1, 4] 
have been used. Where ℵ is the number operator and Φ(x) is well behaved real function satisfying the constraints
It is non-trivial to obtain such a realization and find the structure function Φ(x). However in the recurrence approach presented in this paper, the cubic algebra C(3) relations (2.21) -(2.24) already have, in fact, the form of a deformed oscillator algebra (2.29).
Unirreps and energy spectrum
We write the cubic algebra relations (2.21)-(2.24) in the form of deformed oscillator (2.29) by letting ℵ =B 4w ′ , b † =L 1 and b =L 2 . We then readily obtain the structure function
where u is arbitrary constant. In order to obtain the (p+1)-dimensional unirreps, we should impose the following constraints on the structure function
where p is a positive integer. The solutions give the energyẼ ′ and the arbitrary constant u. Let ε 1 = ±1, ε 2 = ±1. We have
The physical wave functions involve other quantum numbers and we have in fact degeneracy of p + 1 only when these other quantum numbers would be fixed. The total number of degeneracies may be calculated by taking into account the further constraints on these quantum numbers. The results have been obtained in the gauge transformed Hamiltonian. However, the relations D
of the initial Hamiltonian H dso and the algebraic derivation remain valid as gauge transformations preserve the spectrum.
Recurrence approach to H KC
In this section, we construct recurrence relations to generate higher order integrals and higher rank polynomial algebra from ladder operators and coupling constant metamorphosis for the Stackel equivalent of model (1.2).
Saparation of variables
The Schrodinger equation of the system (1.2) in the hyperparabolic coordinates reads
where Λ 2 (N) is the grand angular momentum operator and
We can write the equivalent system of (3.1) as
The original energy parameter ε now plays the role of model parameter (or coupling constant ) ω ′ and the model parameter −β 0 plays the role of energy ε ′ . This change in the role of the parameters is called coupling constant metamorphosis. Moreover, the Hamiltonian (3.2) is related to the one in (3.1) by a Stackel transformation and thus the two systems are Stackel equivalent [28, 29] .
After the change of variables ξ = 2r 
where L α n (x) is again the n-th order Laguerre polynomial and α
Recurrence formula and algebra structure
Let
where 6) and J (2) is related to Λ 2 (Ω N −1 ). Let Z be eigenfunctions of the gauge rotated r 2 , Ω N −1 ) and using (3.3), we have
X n i y i (Ω N −1 ) are eigenfunctions ofH i with eigenvalues
Now we define ladder operators
The action of these operators on the wave functions X n i y i (Ω N −1 ) gives the recurrences formulas (for i = 1, 2)
The following diagram indicates howD ± i , i = 1, 2 change the quantum numbers.
Let us consider the higher order operatorsL 1 =D
Then the action of these operators provide us the following higher order integrals of motion for the gauge rotated HamiltonianH
and the cubic algebra C(3) in operator form
Applying the simple gauge rotations to D ′± i , we can obtain the corresponding integrals of motion and cubic algebra of Hamiltonian H ′ .
The first order integrals of motion 20) where
Thus the full symmetry algebra is a direct sum of the cubic algebra C(3) and so(N − 1) Lie algebra (i.e., C(3) ⊕ so(N − 1)).
Unirreps and Energy spectrum
The cubic algebra (3.16)-(3.19) has already the form of the deformed oscillator algebra with ℵ =B 2γ , b † =L 1 and b =L 2 . The structure function is
where γ = √ −ω ′ and u is an arbitrary constant to be determined. We should impose the following constraints on the structure function in order for the representations to be finite dimensional Φ(p + 1; u,ε) = 0, Φ(0; u,ε) = 0, Φ(x) > 0, ∀x > 0, (3.23) where p is a positive integer. The solutions of the constraints give the energỹ ε, the arbitrary constant u and the structure function (i.e. the (p + 1)-dimensional unirreps ) 25) where
. By equivalence of spectra between Hamiltonians related by the gauge transformations, we have
The coupling constant metamorphosis provides ε ′ ↔ −β 0 and ε ↔ ω ′ and give a correspondence between γ = √ −ω ′ and the energy ε of the original Hamiltonian H. From Making the identifications p = n 1 + n 2 , k 1 = 1, k 2 = 1, then (3.27) coincides with the physical spectra (3.4).
We remark that the recurrence method gives 4th-order integrals of motion and higher rank cubic algebra for the Stackel equivalent system. This algebra has already a factorized form and much easier to handle than the quadratic algebra Q(3) obtained in [7] by using ansatz and the direct approach.
Conclusion
The main result of this paper is extending the recurrence approach, that is a constructive approach, to the N-dimensional superintegrable KeplerCoulomb system with non-central terms and the double singular oscillators of type (n, N − n) to obtain algebraic derivations of their spectra. For both cases, we obtained 4th-order integrals of motion and corresponding higher rank cubic algebras. One interesting feature of these algebras is the fact they admit a factorized form which enable to simplify the calculation of the realizations in terms of deformed oscillator algebras and the corresponding unirreps.
Let us point out that the classical analogs of the recurrence relations [14] have been developed and exploited to generate superintegrable systems with higher order integrals and polynomial Poisson algebras [31, 32] . Recently another classical method based on subgroup coordinates [33, 34, 35] has been introduced. One interesting open problem, that we study in a future paper, would be to extend these approaches for the classical analog of the two models considered in this paper. Moreover, the application of the co-algebra approach [36, 37, 38] to these new models also remains to be investigated.
